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Generalized Technique for Inverse Simulation Applied
to Aircraft Maneuvers

R. A. Hess,* C. Gao,t and S. H. Wangi}
University of California, Davis, Davis, California 95616

Inverse simulation techniques are computational methods that determine the control inputs to a dynamic
system that produce desired system outputs. Such techniques can be powerful tools for the analysis of problems
associated with maneuvering flight. An algorithm is developed that serves as an efficient inverse simulation tool
for analyzing maneuvering flight. As opposed to current inverse simulation methods, which require numerical
time differentiation in their implementation, the generalized technique offered is essentially an integration
algorithm. Examples of inverse solutions for a large-amplitude aircraft maneuver and a nap-of-the-Earth

helicopter maneuver are presented.

Introduction

HE inverse problem of general aircraft motion is receiv-

ing increased attention in the literature."* As addressed
herein, this problem involves determining control inputs that
will force a vehicle to complete some prescribed large ampli-
tude maneuver. Although inverse methods have been applied
to control system design, this is not the thrust of the research
to be described. The inverse problem is, of course, not new,
with the earliest aircraft-related applications dating back some
50 years. Solutions to inverse problems tend to be computa-
tionally intensive, and the recent resurgence of interest in the
technique both as an analysis tool for aircraft maneuvering
and as a design tool for aircraft flight control systems,® stems
from the availability of small, powerful computers and their
associated software.

Computer simulation programs that solve vehicle equations
of motion in forward as opposed to inverse fashion invoke the
process of numerical time integration, which is accurate and
stable. However, most of the inverse techniques that have
been applied to flight control problems invoke, at some point
in their solution, the process of numerical time differentiation,
which can be inaccurate and unstable. The research to be
described is aimed at reformulating the inverse problem as an
integration process.

Generalized Inverse Simulation Technique
Overview

Inverse simulation problems can be conveniently divided
into three categories, depending upon whether the number of
outputs are greater than, equal to, or less than the number
of inputs. In the first category, it would appear that there is
little promise of developing a general solution technique; this
category will not be discussed herein. In what follows, the
second category will be referred to as nominal and the third as
redundant.

The input-output relationship for a nonlinear dynamic sys-
tem can be represented as a transformation from a vector
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u(kT) in some input space to a vector y(k7T) in an output
space, i.e.,

Y(T) = Glu(kT)] )

where G represents the mapping function and 7 the discretiza-
tion interval, which is typically an order of magnitude larger
than the integration interval used in the simulation algorithm
itself. Assuming that a desired output trajectory yp(kT) has
been selected, Eq. (1) can be rewritten

GlukD)] - yp(kT) =0 @

Newton’s method’ is generally recognized as the most power-
ful algorithm for solving systems like those of Eq. (2). As an
iterative procedure, the solution to Eq. (2) can be approached
by defining an error vector Fg, as

Fglu,(kT)] = Glu,(kT) — Yp(kT)) ©))

and finding successively better estimates of u(kT) that allow
Fr—0, as n, the iteration index, increases. For the system of
Eq. (2), Newton’s method becomes

Uy ((kT) = up (kT) — (J{Gun (k1Y) " - Felu, (k)] (4)

where 7 is the iteration index, Fg[] defines the error vector
between the actual and the desired output at time k7, and J[ ]
is the Jacobian matrix defined as

J{Gu,(kD]} = Yy (&)
where ny is the number of outputs and

Yyl = 0yi(kT)/du;(kT) i.j = Liny (6)
The partial derivatives in Eq. (6) cannot, in general, be deter-
mined analytically. In the algorithm used here, the partial
derivatives are approximated as

Ay (kT)/0u;(kT) = i (u; + Awy) 4 yr — Yi(wy) | kr)/ Ay (7)

where Au; represents a perturbation in u; and can be created as
some fixed percentage of u;. Although Eq. (7) is an obvious
example of numerical differentiation, the fact that it is a
differentiation with respect to control inputs rather than time
means that the derivative can be determined from simulation
with an accuracy that does not compromise the solution of the
inverse simulation problem.
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The entire inverse simulation process begins with the defini-
tion of a desired output vector yp over a specified time inter-
val. The vector thus defined must, of course, lie in a reachable
domain; i.e., it must be able to be generated by physically
realizable control inputs. Typically, the trajectory in question
begins from a trimmed flight condition. It is not necessary to
know the values of the control inputs in the trim condition, as
the inverse simulation algorithm, itself, can determine these.

The inverse simulation process is thus seen to consist of a
normal forward simulation algorithm with an integration step
size At < T in which the control inputs are changed, in step
fashion, every T seconds on the basis of a solution of Eq. (4).

Redundant Case

In the nominal case, where the number of inputs equals the
number of outputs, the Jacobian is square and calculating
the required inverse in Eq. (4) poses no problems. Often in
flight control problems, however, the redundant problem is
encountered. In this case, the Jacobian is rectangular and the
Moore-Penrose generalized inverse, or pseudoinverse,” J* is
computed using singular value decomposition (SVD).8

This technique for approaching the redundant inverse simu-
lation problem has been adopted from the robotics literature,
where it has been employed to solve robot inverse kinematics
problems, i.e., converting Cartesian-space position and orien-
tation to joint-space displacement.® Manipulators with redun-
dant joints (the number of joints greater than the degrees of
freedom of the robot’s end effector) are of interest to the
robotics community since they can achieve singularity avoid-
ance, work space obstacle avoidance, and exhibit improved
dexterity.

Singular value decomposition allows the factoring of the
Jacobian matrix (here considered to be n X m) as:

J = [y1EIUT) 16))
where U and Y are orthogonal matrices and

I = diag(oy, 02, ...,0,,0,0,...,0) 9)
with o; and r being the singular values and rank of J, respec-
tively. Finally,

J* = [UNZ*I[YT] 109

Figure 1 shows the flow chart for the inverse simulation al-
gorithm.

Comparing Differentiation and Integration
Inverse Methods
What has been termed the differentiation inverse method
refers to techniques such as those found in Refs. 1-4, whereas
the integration inverse method refers to that proposed here. A
very simple formulation allows a brief comparison of the two
procedures. Consider the following linear vehicle model:

x(6) = Ax(t) + Bu(¢) (11a)
y()=Cx(@@) (11b)

Let nx be the number of states, nu the number of inputs, and
ny the number of outputs. It is desired to determine u(¢) for
h<t=<t such that y(t) =yD(t) forfp<t =< t.

Differentiation Inverse Method

Consider first the simplest case in which nx = nu = ny. One
begins by differentiating yp and then finding &(t) = C~'yp(¢).
Substituting the resulting x(¢) into Eq. (10) and rearranging
yields

u(t) =B '[C'yp(t) — Ax(t)] (12)
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The solution of Eq. (12) is undertaken at each time step. Now,
consider the much more common situation where nx > nu, and
nx >ny. For example, in a typical flight mechanics problem,
nx =12, nu = 4, and ny < 4. Obvious complications arise as
the differentiated output equation can no longer provide the
derivatives of all of the state variables needed in solving Eq.
(11a) for u(r).

The necessity of calculating the derivatives of these interme-
diate state variables in iterative fashion at each time step using
numerical differentiation is the primary disadvantage of the
differentiation approach both in terms of accuracy and com-
putational effort. At each time step, the iterative procedure is
initiated by making guesses of vehicle attitude angles. As
reported in Ref. 4, ¢“The inverse solution was found to be very
sensitive to initial value. This sensitivity is directly related to
the severity of the maneuver.’’ Finally, the algorithms often
take on a somewhat ad hoc nature and are tailored to the
particular vehicle at hand, e.g., fixed vs rotary wing.

Integration Inverse Method

The integration inverse method is summarized by Egs.
(3-7). These equations and the associated inverse simulation
algorithm outlined in Fig. 1 provide a generalized approach to
inverse simulation. No problems are encountered with inter-
mediate states and, as pointed out in the preceding, only
numerical differentiation with respect to the input vector is
required, as shown in Eq. (7). In addition, the method is
independent of the type of vehicle being simulated and the
particular values of nx, nu, and ny, provided, of course that
ny =< nu. The simplifications inherent in the proposed integra-
tion inverse method, as summarized by Eqgs. (3-7), can be
appreciated more fully by comparing it with the formulations
associated with the derivative method, as described in Refs. 1,
3, and 4.

As with any formulation involving Newton’s method, a
problem that can arise with the integration inverse method
concerns multiple solutions of Eq. (2). For example, consider
the case where a solution of Eq. (2) lies near a relative mini-
mum of Fe[u(kT)]. It is possible that another solution may

read initial states x (0)
guess inputs u(Q)
k=1, n=0

l<

Ve
define desired trajectory at
present time as Ypes (kT)

call simulation subroutine with
u[(k-1)T] as input to get actual
trajectory output Y(kT)

x
| error=YacT) - Yos &) |
r obtain Jacobian J I
obtaind ~'for normal case
(obtain g* for redundant case)
LU,\‘,(”F U, (kT =7 *error I 1
[ K=K+ i
n=n-] call simulation with un'(‘kT) as *
A input to obtain VM(kT) update state variables
* in simulation subroutine
de]“Ynu(kT) - YDES(kT)l +
lrecordx (kT) and y <kT)J
Y =Y U=y n n
n n+1 4 n o+ i Y

SQRT(del) <1.0e-6 ?

Fig.1 Flow chart for generalized inverse simulation algorithm.
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exist in the neighborhood of the minimum and that the solu-
tion of Eq. (2) by way of Eq. (4) may alternate between these
solutions for successive time steps in the simulation. This
problem appeared to arise in some of the maneuvers analyzed
here and is discussed further in the next section.

Input Filtering
In some of the inverse solutions to be discussed, the control
inputs obtained from the simulation exhibited low-amplitude,
high-frequency oscillations superimposed on the low-fre-
quency waveform. It is hypothesized that this phenomenon
may be caused by the muitiple solution problem just discussed.
These oscillations were filtered by the vehicle dynamics and
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had minimal impact on the solution quality. They were re-
moved from the solutions to be discussed by use of a fifth-or-
der, low-pass digital filter in the simulation process. The filter
had a cutoff frequency of 10 rad/s. The control inputs were
passed through the filter twice (forward and backward) to
avoid time shifting in the output data.!®

Examples
Illustrations of the inverse simulation method will employ a
pair of aircraft models and flight regimes. The first will in-
volve a fighter aircraft engaged in a pair of similar large-dis-
turbance maneuvers at high subsonic speeds, and the second
will involve a small helicopter engaged in a maneuver charac-
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Fig. 2 F-4C aileron roll maneuver: x-axis velocity, sideslip, and roll attitude constrained.
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Fig. 3 F-4C aileron roll maneuver: x-axis velocity and roll attitude constrained.

teristic of low-speed, nap-of-the-Earth flight and will be per-
formed with and without a high-bandwidth stability augmen-
tation system (SAS). The aircraft maneuvers will require only
redundant solutions, whereas the helicopter maneuver will
require a nominal solution technique. The vehicle models in
both cases utilized nonlinear dynamic models albeit with linear
aerodynamics. The basic equations of motion are shown in the
Appendix. The nonlinear kinematic equations, Euler angle
definitions, etc., can be found in any standard text on the
subject.!! In all of the simulations to be discussed, a discretiza-
tion interval T =0.1 s was used. An integration step size
At =0.01 s was maintained except for the helicopter with

SAS, where At = 0.001 s was used. All of the solutions were
obtained on an IBM PC-AT using FORTRAN, LINPACK,
and MATLAB software.

In the time histories associated with the examples to be
discussed, dotted curves represent the results of the inverse
simulation. For the control time histories, solid curves repre-
sent the filtered control inputs, whereas for the output time
histories, solid curves represent the results of a forward simu-
lation conducted with the filtered time histories as inputs. The
forward simulation results are of obvious importance for they
demonstrate both the validity of the inverse solution and the
errors introduced by the input filtering just described.
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Large Amplitude Aircraft Maneuvers

The aircraft model used here is the F-4C fighter aircraft
from Ref. 12. The longitudinal and lateral vehicle dynamics
are not coupled aerodynamically. The flight condition was one
of level flight at 4572 m at a Mach number of 0.9. In this flight
condition, the phugoid mode is represented by a pair of real
roots, one of which is unstable. The two maneuvers to be
considered all involve aileron rolls; however, they differ in the
constraint variables. The four control inputs are stabilator
angle &5 (rad), rudder angle 6; (rad), aileron angle 8,; (rad),
and thrust 6y (N).

Aileron Roll with x-Axis Velocity, Sideslip, and Roll Attitude
Constrained

Here, u = Uy = 290 m/s, where u is the x body-axis compo-
nent of the aircraft velocity, sideslip 3(¢) = 0, and roll atti-
tude, ¢(t), given by

#(t)=0rad for 0=t<2s (13a)

o(t — 2) = (2n/16){cos3xl(t — 2)/5)
—9 cosx[(t —2)/5] + 8} rad for 2=<t=7s (I3b)
ot -T=2n for >7s (13¢)

The basic waveform for the roll time history is taken from
Ref. 1 and represents a 360-deg aileron roll of 5-s duration.
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Fig. 5 BO-105 left side-step maneuver, without SAS.
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Fig. 6 BO-105 left side-step maneuver, with SAS.

This represents a redundant maneuver because only three out-
puts are constrained and four control inputs are used. Figure
2 shows the control inputs, attitude angles, angles of attack,
and sideslip and lateral path deviation resulting from the
analysis. No changes in the x component of the aircraft veloc-
ity occurred, and this graph is not shown. Also note that the
thrust changes are minimal. At ¢ =7 s, the aircraft had lost
about 50-m altitude.

Aileron Roll with x-Axis Velocity and Roll Attitude Constrained

Here, two outputs are constrained, with four control inputs.
Figure 3 shows the same variables as selected for Fig. 2. Note
the control inputs that this maneuver induced as compared
with those of Fig. 2. Changes in the x-axis velocity were less
than 0.01%. At ¢ =7 s, the aircraft had lost about 70-m
altitude.

Helicopter Nap-of-the-Earth Maneuvers

The helicopter model used here is the BO-105 helicopter.!?
As opposed to the F-4C model, the longitudinal and lateral
modes of the BO-105 model are coupled aerodynamically. The
nominal flight condition is hover at sea level. The maneuver to
be discussed is a left side-step maneuver from the hover condi-
tion. The side step will be analyzed with and without a SAS. It
should be noted that the helicopter is unstable without a SAS
in this flight condition. The four control inputs are longitudi-

nal cyclic 6 (cm), lateral cyclic 6,4 (cm), collective 6. (cm), and
pedal 8p (cm). As opposed to the F-4C vehicle, these inputs are
control manipulator deflections in the cockpit. The SAS dy-
namics are included as part of the effective vehicle in the
inverse simulation, i.e., the control inputs that are calculated
with and without the SAS are those that would be generated in
the cockpit. Figure 4 shows the SAS feedback structure and
represents attitude command/attitude hold systems for the
pitch, roll, and heading axes. The bandwidths of the systems
are quite high, approximately 4 rad/s in pitch and roll and
1 rad/s in heading. In each of the simulations to be described,
the runs were initiated at t = —5 s to allow the algorithm to
determine trim control inputs accurately. This 5-s period is not
shown on the figures.

Side-Step Maneuver with x-y-z Inertial Position and Heading Con-
strained, No Stability Augmentation System

The side-step maneuver is characterized by a rapid, constant
altitude and heading, 15-m lateral translation, starting and
terminating in a stabilized hover. Using the same general wave-
form as in Eq. (13), the 5-s lateral translation y(¢) is given by

y() = —(15/16)[cos3n(t/5) — 9 cosm(¢/5) + 8] m

for 0<t=<S5s

—15m for t>5s (14)
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Figure 5 shows the control inputs, the y- and z-body axis
components of velocity (v and w), attitude angles, and lateral
displacement for the side step. The x-axis velocity was <0.006
m/s throughout the maneuver and the helicopter lost 0.03 m in
altitude. The heading deviations shown in Fig. 5 are quite
small, with the largest being 0.069 deg.

Side-Step Maneuver with x-y-z Inertial Position and Heading Con-
strained, with Stability Augmentation System

Figure 6 shows the corresponding variables for the left
side-step maneuver with the SAS in operation. The primary
effect of the SAS is seen in the simplification of the lateral
cyclic input and its direct correspondence with vehicle roll
attitude. This correspondence is what would be expected from
a high-bandwidth attitude command SAS. The x-axis velocity,
altitude, and heading deviations were comparable to those
with no SAS in operation.

Conclusions

1) A generalized technique for inverse simulation formu-
lated as an integration process appears to offer advantages
over those that require time differentiation.

2) The technique can be applied to flight control problems
in which the number of controls equal or exceed the number of
constrained outputs.

3) Multiple-axis stability and control augmentation systems
can be accommodated in a straightforward manner, i.e., as
modifications of the dynamics of the effective vehicle.

4) The necessity of input filtering does not appear to detract
from the utility of the technique in the analysis of aircraft
maneuvers, over and above the effort required for filtering
itself.

Appendix: Vehicle Equations of Motion
ie=rv —qw — g sin(0) + Xagro + X1riM + XconTROL
v=pw —ru — g cos(0) sin(®) + Yaero + Yrrim + YcontroL
W= uq — vp — g cos(0) cos(¢) + Zagro + ZrriM + ZcoNTROL
b= +pq)xz/Ixx) — qrlzz — Ivy)/Ixx
+ Lagro + Lrim + LeonTroL
g = —prlxx — Izz)/ Ivy + (r* = pP)Uxz/Iyy)
+ Magro + Mrrim + McontroL
=@ — qr)xz/Izz) — paUyy — Ixx)/Izz

+ Nagro + Ntrim + NcontroL
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where u,v,w are velocity components in body axes and p,q,r
are angular velocity components in body axes.
The trim forces and moments are defined as

XrriM = Wogo — Voo + & sin(B)
YrriM = tolo — Wobo — & €05(8y) sin(gh)
Zrriv = VaPo — todo — & €08(B) cos(go)
Lrrv = porollzz — Iyvy) — Poqolxz]/Ixx
Mrriv = Porolxx — Izz) — r§Ixz + PiIxz)/ Iyy
Nrrivm = [PogoTyy — Ixx) + qorolxz)/Izz

where subscript 0 is the trim condition.
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